Abstract-This paper presents a novel method based on the velocity disturbance to control the locomotion of a snake-like robot. The inputs are joint torques which are derived from the dynamics equations. The traditional dynamics equations of a snake-like robot are complex, so a simplified dynamics equations are firstly derived based on the differential geometry theory. Then the velocity disturbance is introduced to the simplified dynamics equation and the control method is proposed. The locomotion gait of the snake-like robot is decided by the velocity disturbance. So controlling the velocity disturbance can control the locomotion of the snake-like robot. This method can also avoid the singular posture of the snake-like robot. The numerical simulation results present that the proposed method can control the locomotion of the snake-like robot.
I. INTRODUCTION
Snakes in nature can move forward by winding their bodies because of the anisotropic friction of their bellies. Engineers have imitated the property of snakes to design many snakelike robots. In this paper, a snake-like robot with passive wheels under its belly is studied. As in figure 1 , the passive wheels are installed in the middle of every link which constitutes the snake-like robot. Generally we assume that no sideslipping occurs. So there are n nonholonomic constraints for a n links snake-like robot. The snake-like robot is a nonholonomic system.
For the nonholonomic system, locomotion planning and control are studied through the Lie bracket method by Murray et al [1] [2] [3] [4] based on the kinematic model. Murray et al model the nonholonomic system as the driftless system. But this method can not be used to plan or control the snakelike robot. When the snake-like robot becomes straight or constitutes an arc of a circle, the singular postures occur [5] and the Lie bracket method lost valid. A snake-like robot which is removed some passive wheels is studied by Matsuno et al [6] [7] . They develop the kinematics and dynamics models and control the snake-like robot with the redundancy for simplifying the system. But they also have changed the structure of the snake-like robot with passive wheels. A fiber bundle theory is proposed by Ishikawa et al [8] [9] to study the controllability of three-link snake-like robot. This method is difficult to extend to more-links snake-like robot. In order to avoid singular postures, the dynamics model is proposed by Prautsch and Mita [5] and a control method based on the Lyapunov Stability theory is proposed. While this method is hard to track the constant velocity. A dynamic manipulability of snake-like robot is considered by Date et.al based on the dynamics model [10] [11] . While their method need to search the acceleration which improve the manipulability. So their method is not a closed form and their dynamics equations are complex.
The difficulty of the locomotion control method based on dynamics equations is due to the complex of the dynamics equations and the singular postures. In this paper, the dynamics equations of the snake-like robot are projected to the velocity distribution space by using the differential geometry method which can reduce the dynamics equations. The velocity disturbance is introduced to the dynamics equations which can avoid the singular postures. For an n-links snake-like robot, there exist n velocity constraints and these constraints are nonintegrable. So the dynamics equations can be projected to a two-dimensional subspace. Additionally we also model the velocity distribution space based on the fiber bundle theory. For the velocity distribution space, if we choose different sets of base, the corresponding pseudo velocities present different actual velocity. The set of base is in fact a frame bundle on the configuration manifold [12] . Each set of base corresponds a section of the fiber bundle. By choosing appropriate section, we can control different locomotion of the snake-like robot. In order to avoid the singular postures, we introduce the velocity disturbance to the simplified dynamics equations.
The below is an outline of the remaining sections of this paper. In section II, we develop the reduced dynamics equations based on the differential geometry method. In section III, we introduce the velocity disturbance and derive the control method. In section IV, we present the simulation studies. Finally conclusions are given in section V.
II. REDUCED DYNAMICS EQUATIONS
The planar snake-like robot is consisted of serial chains of rigid bodies connected by rotating joints. Its configuration space can be represented with the pose of the head and the relative angles. As in Fig 1 shown , the configuration space can be referred to: Q = (x, y, θ, φ 1 , φ 2 , · · · , φ n−1 ) . For an n-links snake-like robot, the dimension of the configuration is n + 2 which constitutes an n + 2 dimensional manifold. 
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A. Velocity Distribution Space
For an n-links snake-like robot with passive wheels, wheels are installed in the middle of the each link. The passive wheels can not slid laterally. So the snake-like robot system has n nonholonomic constraints. The tangent space on each point of the manifold is constrained to the subspace. This constraint subspace is called the velocity distribution space which is denoted to D . n nonholonomic constraints can be represented by n 1-form ω b . In the local coordinate system, q = (x, y, θ, φ 1 , · · · , φ n−1 ) . The velocity distribution space can be represented as:
whereq c is the feasible velocity. When the n velocity constraints are linearly independent, the dimension of the velocity distribution space is 2. We only study the planar snake-like robot. The lagrangian is L =
2q
T Mq , where M is the inertia matrix. While considering the configuration as a manifold, the inertia matrix can be considered as the measure of the manifold.
We assume that the base of the velocity distribution space is e α , where α = 1, 2 . This set of base is called nonholonomic base. We assume that Greek letters α, β, μ, σ, · · · run over the velocity distribution dimensions and Latin letters i, j, k, l · · · run over the whole tangent space dimensions. So the nonholonomic base can be represented as
Considering the measure matrix M , the tangent vectors are projected to the velocity distribution space as : e α ) .
B. Fiber Bundle Model of the Nonholonomic Bases
A bundle is a triple (E, π, B) ,where π : E → B is a map. Space B is called base space. Space E is called the total space. Map π is the bundle projection. For each point b ∈ B , π −1 (b) is the fiber on point b . The section of the bundle can be defined as ξ : B → E and π•ξ=id E . For the nlinks snake-like robot, we assume that E = {e α } , α = 1, 2 is a vector fields on the velocity distribution. These vector fields are referred to as a moving frame [12] . Let F q denote the set of all frames at q, and F Q denote the disjoint union of the sets F q ; this disjoint union is called the frame bundle [12] .
For the velocity distribution base e α = A i α (q) 
Each set of bases corresponds a section, choosing different sets of bases is also choosing different sections. For the snake-like robot, when the sections are different, the corresponding quasivelocities represent different actual velocities. The relation between quasivelocity and actual velocity can be represented as:
where υ denotes the quasivelocity.
C. Nonholonomic Dynamics
The Lagrange-d'Alembert principle leads to the equations of motion [13] :
where P : T Q → D denotes the projection from the tangent space to the velocity distribution space, P ⊥ = I − P denotes the complement projection, ∇ denotes the Levi−Civita connection. Formulas (4) can be written in more compact form as:∇qq
where∇ is the nonholonomic connection [14] . The nonholonomic connection defines a map from the tangent bundle to the subbundle D : 
where [·, ·] is the Lie bracket. We replace the vectors to the bases, and derive∇ eα e β =Γ . From formulas (6) we can derive:
where M αβ is the nonholonomic measure.
M μν is the inverse matrix of M . In order to simplify the calculation of the nonholonomic measure, we orthogonalize the base using the Gram-Schmidt method.
then normalize the derived base considering the measure:
For the right of formula (5) , using the projection matrix under the orthogonal normalized base, we can derive:
Let F b represents the unit vector of the input torque, u represents the input, then the motor torque can be represented as τ b = F b u b . From (5) and (10) ,the dynamics equations become:υ
where 
III. CONTROLLER DESIGN BASED ON THE VELOCITY DISTURBANCE
The general inverse matrix of the torque control coefficient matrix is needed when the controller is designed using the formula (11) . Therefore the rank of the torque control coefficient matrix must be 2 . But when the snake-like robot takes singular postures(straight line or arc), the matrix drops rank. In order to avoid singular posture, we introduce the velocity disturbance.
A. Velocity Disturbance
As in figure 1 , the configuration space is q = (x, y, θ, φ 1 , φ 2 , · · · , φ n−1 ). The length of each link is 2l , the mass is m . We assume the center of the mass is in the middle of each link. Considering the motors are installed on the tip of each link, we assume that the moment of inertia of each link is J = ml 2 . Let θ i denote the angle between links and the x axis.
V tr = (ẋ,ẏ) denote the translational velocity of the head. The mass center of each link may be described as:
Differentiating the above formulas, we can derive the velocity of the center of mass. Considering the constraint conditions, we derive:
The Lagrangian:
where M is the measure matrix. From (1) (8) (9) the orthogonal normalized base follows: dt = 0 , where T is the period. For the translational velocity, we choose the velocity disturbance as following:Ṽ
where A is the amplitude, ω is the frequency. As discussed in the section II, a set of base vectors field corresponds a section.
Different sections can be transformed by formula (2) .We choose GL as:
then we can derive another set of base:
The new basesê 1 ,ê 2 are the orthogonal normalized bases. Let υ denote the quasivelocity on the base (19) (20) . Let the tangent velocity of the head beη . Let V rot = η, lθ denote the turning velocity of the head. We have V rot = 1 √ nm υ .In this paper, we choose the the velocity disturbance of V rot as following:
where A is the amplitude, ω is the frequency.
B. Controller Design
Let V d denote the desired velocity. we introduce the velocity disturbance to the desired velocity. The desired velocity becomesV d = V d +Ṽ ,whereṼ denotes the velocity disturbance. The control law can be given as:
where Y + is the pseudo inverse.
IV. SIMULATION STUDY
In this section we take a 9-links snake-like robot as an example to verify the proposed control method. When the velocity bases are (15) and (16), the nonholonomic Christoffel symbols are: 
(25) When the velocity bases are (19) and (20) , the nonholonomic Christoffel symbols are:
The control coefficient matrix is:
(27) The basic simulation parameters are tabled as followings:
A. Translational Locomotion
In this section, we simulate the translational locomotion. The velocity bases are (15) and (16). The nonholonomoc Christoffel symbols and control coefficient matrix are (24) and (25). We choose V tr = −0.1, 0 , andṼ tr = 0, 0.2 cos( 5π 12 t) . The control law is from (22) and (23) . Figure 2 shows the configurations of the 9-links snake-like robot every 10 seconds. From the figure we can see that the locomotion of the snake-like robot meet what we desire. Figure  3 shows the joint torque. The joint torques are inputs and periodic. Figure 4 shows the joint angles of the snake-like robot. The joint angles are periodic however it is not the sinal.
B. Turning Locomotion
We simulate the turning locomotion. The velocity bases are (19) and (20). The nonholonomoc Christoffel symbols and control coefficient matrix are (26) and (27). We choose V rot = 0.1m/s 0.008 m · rad/s That is the angular . Figure 5 shows the configurations of the 9-links snake-like robot every 7.5 seconds. From the figure we can see that the robot can rotate about one point. Figure 6 shows the joint torques. The joint torques are inputs and periodic. Figure 7 shows the joint angles of the snake-like robot. The joint angles are periodic after a period of time. 
V. CONCLUSIONS AND FUTURE WORKS
In this paper, simplified dynamics equations are firstly derived with the differential geometry theory. Then the velocity disturbance is discussed and is introduced to the dynamics equations. Finally the controller is designed based on the velocity disturbance and the reduced dynamics equations. The numerical simulation verify that the proposed control method is valid. In the future, we will study the optimal velocity disturbance.
